ALGEBRO-GEOMETRIC FINITE-BAND SOLUTIONS OF THE 
ABLOWITZ LADIK HIERARCHY 



FRITZ GESZTESY, HELGE HOLDEN, JOHANNA MICHOR, AND GERALD TESCHL 

To Walter Thirring, on the occasion of his 80th birthday, 
theoretical and mathematical physicist extraordinaire. 



Abstract. We provide a detailed derivation of all complex-valued algebro- 
geometric finite-band solutions of the Ablowitz-Ladik hierarchy. In addition, 
we survey a recursive construction of the Ablowitz-Ladik hierarchy and its 
zero-curvature and Lax formalism. 



1. Introduction 

In the mid-seventies, Ablowitz and Ladik, in a series of papers [3]-[5] (see also 
[T], [H Sect. 3.2.2], [71 Ch. 3], [H]), used inverse scattering methods to analyze 
certain integrable differential-difference systems. One of their intcgrable variants 
of such systems included a discretization of the celebrated AKNS-ZS system, the 
pair of coupled nonlinear differential difference equations, 

-iat - (1 - al3)(a^ + a+) + 2a = 0, 

(1.1) 

-il3t + (1 - af3){l3~ +/?+)- 2/3 = 

with a = a{n,t), (3 = P{n,t), {n,t) £ Z x K. Here we used the notation f^{n) — 
f{n ± 1), n e Z, for complex-valued sequences / {f{n)}nez- In particular, 
Ablowitz and Ladik ^ (see also [7] Ch. 3]) showed that in the focusing case, where 
/9 = —a, and in the defocusing case, where /3 = a, (jl.ip yields the discrete analog 
of the nonlinear Schrodinger equation 

-iat-{l±\a\'^)ia- +a+) + 2a = 0. (1.2) 

We will refer to (|l.ip as the Ablowitz-Ladik system. The principal theme of this 
paper will be to derive the algebro-geometric finite-band solutions of the Ablowitz- 
Ladik (AL) hierarchy, a completely integrable sequence of systems of nonlinear 
evolution equations on the lattice Z whose first nonlinear member is the Ablowitz- 
Ladik system (|1.1|) . 

Since the mid-seventies there has been an enormous amount of activity in the area 
of integrable differential-difference equations. Two principal directions of research 
are responsible for this development: Originally, the development was driven by 
the theory of completely integrable systems and its applications to fields such as 
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nonlinear optics, and more recently, it gained additional momentum due to its 
intimate connections with the theory of orthogonal polynomials. In the following 
we first briefly recall the development in connection with integrable systems and 
subsequently turn to the one influenced by research on orthogonal polynomials. 

The first systematic discussion of the Ablowitz-Ladik hierarchy appears to be 
due to Schilling 51j (cf. also [58], [62], [6F); infinitely many conservation laws are 
derived, for instance, by Ding, Sun, and Xu 26J; the bi-Hamiltonian structure of 
the AL hierarchy is considered by Ercolani and Lozano [28| : connections between 
the AL hierarchy and the motion of a piecewise linear curve have been established 
by Doliwa and Santini [27, ; Backlund and Darboux transformations were studied by 
Geng [31] and Vekslerchik [63]; the Hirota bilinear formalism, AL r-functions, etc., 
were considered by Vekslerchik [62]. The initial value problem for half-infinite AL 
systems was discussed by Common [21] , for an application of the inverse scattering 
method to (|1.2p we refer to Vekslerchik and Konotop [53]. This just scratches 
the surface of these developments and the interested reader will find much more 
material in the references cited in these papers and the ones discussed below. 

Algebro-geometric (and periodic) solutions of the AL system (jl.ip have briefly 
been studied by Ahmad and Chowdhury [8], [9], Bogolyubov, Prikarpatskii, and 
Samoilenko [17], Bogolyubov and Prikarpatskii [I8J, Chow, Conte, and Xu [53], 
Geng, Dai, and Cao [35] j and Vaninsky [5D]. In an effort to analyze models describ- 
ing oscillations in nonlinear dispersive wave systems. Miller, Ercolani, Krichever, 
and Levermore [47^ (see also |4^) gave a detailed analysis of algebro-geometric 
solutions of the AL system (jl.ip . Introducing 

(z a\ .fz-l-a(3~ a ~ z^^ \ 

^^'^=[/3z ij' = p-z-p 1 + a^p-z-^) (1-3) 

with z G C \ {0} a spectral parameter, the authors in [J^ relied on the fact that 
the Ablowitz-Ladik system (jl.ip is equivalent to the zero-curvature equations 

Ut + UV -V+U = 0, (1.4) 

the latter being the compatibility relation for the spatial and temporal linear prob- 
lems 

$ = = (1.5) 

Here we extended the notation f^{n) — f{n ± 1), n G Z, to C^-valued and 2x2- 
matrix- valued sequences with complex- valued entries. 

Miller, Ercolani, Krichever, and Levermore [47] then performed a thorough anal- 
ysis of the solutions <f> = <f>(z, n, t) associated with the pair {U, V) and derived the 
theta function representations of a, /? satisfying the AL system (jl.ip . In the partic- 
ular focusing and defocusing cases they also discussed periodic and quasi-periodic 
solutions a with respect to n e Z and < e M. Vekslerchik [61] also studied finite- 
genus solutions for the AL hierarchy by establishing connections with Fay's identity 
for theta functions. 

The connection between the Ablowitz-Ladik system (jl.ip and orthogonal poly- 
nomials comes about as follows: Let {a(n)}nefi C C be a sequence of complex 
numbers subject to the condition |Q;(n)| < 1, n G N, and define the transfer matrix 



(1.6) 
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with spectral parameter z on the unit circle T = {zeC||z| = l}. Consider the 
system of difference equations 

$(z,n) = T(2,n)$(z,n- 1), (z,n)eTxN, (1.7) 
with initial condition $(2,0) = , where 

^(^''^^-Gwl))' MeT.n,. (1.8) 

(Here No = N U {0}.) Then (p( • , n) are monic polynomials of degree n first intro- 
duced by Szego in the 1920's in his seminal work on the asymptotic distribution of 
eigenvalues of sections of Toeplitz forms [5S], [5S] (see also [571 Ch. XI]). Szego's 
point of departure was the trigonometric moment problem and hence the theory of 
orthogonal polynomials on the unit circle. Indeed, given a probability measure da 
supported on an infinite set on the unit circle, one is interested in finding monic 
polynomials x( ' i of degree n e No in z = e'^, 6* G [0, 2??], such that 

/ da(e'^)x(e^«,m)x(e^«,n) = u;(n)-25„,„, m,nG No, (1.9) 
Jo 

where w(0)^ = 1, w(n)^ = nj=i (l ~ |Q^(i)P) ^, n G N. Szego showed that 
the corresponding polynomials ()1.8|) with replaced by x satisfy the recurrence 
formula (|1.7|) . Early work in this area includes important contributions by Akhiezer, 
Geronimus, Krein, Tomcuk, Verblunsky, Widom, and others, and is summarized in 
the books by Akhiezer fTO] , Geronimus [37] , Szego [57] , and especially in the recent 
two- volume treatise by Simon |52j . 

Unaware of the paper [47], Geronimo and Johnson [35] studied (|1.7p in the 
case where the coefficients a are random variables. Under appropriate ergodicity 
assumptions on a and the hypothesis of a vanishing Lyapunov exponent on pre- 
scribed spectral arcs on the unit circle T, Geronimo and Johnson [35] (cf. also [34], 
[36] ) developed the corresponding spectral theory associated with (|1.7p and the uni- 
tary operator it generates in ^^(Z). In this sense the discussion in [35j is a purely 
stationary one and connections with a zero-curvature formalism, theta function rep- 
resentations, and integrable hierarchies are not made in [35j (but in this context we 
refer to the discussion concerning [33^ in the next paragraph). More recently, the 
defocusing case with periodic and quasi-periodic coefficients was studied in great 
detail by Deift [25] , Golinskii and Nevai [43] , Killip and Nenciu [44] , Li [45] , Nenciu 
[49], [50], and Simon [52] Ch. 11], [53], [54]. 

An important extension of (|1.7|) was developed by Baxter in a series of papers on 
Toeplitz forms [II]-[T3] in 1960-63. In these papers the transfer matrix T in (|1.6p is 
replaced by the more general (complexified) transfer matrix \J{z) = (/fz ? ) in (jl.Sp . 
that is, precisely the matrix U responsible for the spatial part in the Ablowitz- 
Ladik system in its zero-curvature formulation (ll.3p - ()1.5p . Here a = {Q;(n)}„gNj 
/3 = {/9(n)}„gN are subject to the condition a(n)(j{n) 7^ 1, n g N. Studying the 
following extension of p.7p . 

^-(2, n) = C/(z, n)*(z, n - 1), (z, n) G T x N, (1.10) 

Baxter was led to biorthogonal polynomials on the unit circle with respect to a 
complex- valued measure on T. In this context of biorthogonal Laurent polynomials 
we refer to [16] and [20]. Reference [16], in particular, deals with isomonodromic 
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tau functions and is applicable to generalized integrable lattices of the Toda-type. 
Baxter's U matrix in (II. 5|) led to a new hierarchy of nonlinear difference equations, 
called the Szego-Baxter (SB) hierarchy in 33J, in honor of these two pioneers of 
orthogonal polynomials on the unit circle. The latter reference also contains an in 
depth study of algebro-geometric solutions of (|1.7p . 

In addition to these recent developments on the AL system and the AL hierarchy, 
we offer a variety of results in this paper apparently not covered before. These 
include: 

• An elementary, yet effective recursive construction of the AL hierarchy using 
Laurent polynomials. 

• Explicit formulas for Lax pairs for the AL hierarchy. 

• The detailed connection between the AL hierarchy and a "complexified" version 
of transfer matrices first introduced by Baxter. 

• A unified treatment of stationary algebro-geometric finite-band solutions and 
their theta function representations of the entire AL hierarchy. 

• A unified treatment of algebro-geometric solutions and their theta function 
representations of the time-dependent AL hierarchy by solving the rth AL flow 
with initial data given by stationary algebro-geometric finite-band solutions. 

The structure of this paper is as follows: In Section [5] we describe our zero- 
curvature formalism for the Ablowitz-Ladik (AL) hierarchy. Extending a recursive 
polynomial approach discussed in great detail in '38] in the continuous case and 
in [in], [Ml Ch. 4], 59, Chs. 6, 12] in the discrete context to the case of Laurent 
polynomials with respect to the spectral parameter, we derive the AL hierarchy 
of systems of nonlinear evolution equations whose first nonlinear member is the 
Ablowitz-Ladik system p.ip . Section [3] is devoted to a detailed study of the sta- 
tionary AL hierarchy. We employ the recursive Laurent polynomial formalism of 
Section [2] to describe nonnegative divisors of degree p on a hyperelliptic curve ICp 
of genus p associated with the pth system in the stationary AL hierarchy. By 
means of a fundamental meromorphic function cj) on ICp (an analog of the Weyl- 
Titchmarsh function for the system (|1.7p ) we then proceed to derive the theta 
function representations of the associated Baker- Akhiezer vector and all station- 
ary algebro-geometric finite-band solutions of the AL hierarchy. The corresponding 
time-dependent results for the AL hierarchy are presented in detail in Section H) 
Appendix |X] collects relevant material on hyperelliptic curves and their theta func- 
tions and introduces the terminology freely used in Sections [3] and 2) Appendix |B] 
is of a technical nature and summarizes expansions of various key quantities related 
to the Laurent polynomial recursion formalism as the spectral parameter tends to 
zero and to infinity. 

2. The Ablowitz-Ladik Hierarchy, Recursion Relations, 
Zero- Curvature Pairs, and Hyperelliptic Curves 

In this section we summarize the construction of the Ablowitz-Ladik hierar- 
chy employing a Laurent polynomial recursion formalism and derive the associated 
sequence of Ablowitz-Ladik zero-curvature pairs (we also hint at Lax pairs) . More- 
over, we discuss the Burchnall-Chaundy Laurent polynomial in connection with the 
stationary Ablowitz-Ladik hierarchy and the underlying hyperelliptic curve. For a 
detailed treatment of this material we refer to [39] , [40] . 

We denote by the set of complex-valued sequences indexed by Z. 
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Throughout this section wc suppose the foUowing hypothesis. 

Hypothesis 2.1. In the stationary case we assume that a, (3 satisfy 

a,(3eC^, a(n)/3(n) ^ {0,1}, n e Z. (2.1) 

In the time- dependent case we assume that a, (3 satisfy 

a{- ,t),P{- ,t) e C^, i e M, a{n, ■),l3{n, •) e C^(R), n e Z, 

a(n, t)/3(n, t) ^ {0, 1}, (n, e Z x R. ^^'^^ 

We denote by the shift operators acting on complex-valued sequences / = 
{/(n)}„gz G according to 

(5±/)(n) = /(n±l), neZ. (2.3) 

Moreover, we will frequently use the notation 

/± = / G C^. (2.4) 

To construct the Ablowitz-Ladik hierarchy one typically introduces appropriate 
zero-curvature pairs of 2 x 2 matrices, denoted by U (z) and Vp{z), p = {p-,p+) G Nq 
(with z a certain spectral parameter to be discussed later), defined recursively in the 
following. We take the shortest route to the construction of Vp and hence to that of 
the Ablowitz-Ladik hierarchy by starting from the recursion relation (|2.5[) - (|2.12[) 
below. 

Define sequences {/^,±}feNo, {5£,±}^gNo, and {/i£^±}^gNo recursively by 

5o,+ = 5Co,+, /o,+ = -co,+a+, /io,+ = co,+/3, (2.5) 
9^+1,+ - 97+1,+ = ^K,+ + Ph,+^ ^ £ f^o, (2.6) 
f7+i,+ = fe,+ - + .97+1,+)' ^ ^ ^0, (2.7) 

he+i,+ - + I3{gi+i,+ + 9i+i,+), ^ e No, (2.8) 

and 

50- = |co,-, /o - = Co -a, /lo- = -Co -/9+, (2.9) 

ge+i,- - 97+1,- - ahi,- + (3f^_, £ G No, (2.10) 

fe+i,- = fl- + a{9e+i.- + 9i+i,-). ^ £ No, (2.11) 

K+i,- ^ ^t,- - f^ige+h- + 97+1, J, ^ e 1^0- (2.12) 

Here Cq,± G C are given constants. For later use we also introduce 

f-u± = h-i,±=0. (2.13) 

Remark 2.2. The sequences {fi,+}i^fi„, {9e,+}ee'tiaj and {hi,+}i(zfig can be com- 
puted recursively as follows: Assume that fi,+^ 9e,+, and hi,+ are known. Equation 
(j2.6p is a first-order difference equation in g£+i,+ that can be solved directly and 
yields a local lattice function that is determined up to a new constant denoted by 
ci+i,+ G C. Relations (|2.7p and (|2.8|) then determine fi+i,+ and hi+i,+, etc. The 
sequences {fe,-}e(zNo, {ff^,-}feNo, and {/i£,_}£gNo are determined similarly. 

Upon setting 

7=l-a/3, (2.14) 
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one explicitly obtains 



/o,+ 


= co,+(- 


-a+), 


/i,+ = 


= Co,+ ( - 7^a++ 


+ (a+)'/3) - 


l-ci,+ (-a+), 


50,+ 


= |co,+ , 


5i,+ 


= Co,- 


K(-a+/3) + ici,+, 






^0,+ 


= co,+/3, 




= co,- 


,(7/3- + 


ci,+/3, 




h- 


= Co, -a, 


/i,- 


= Co,- 


-(7a- - + 


ci,-a, 




9o- 


= |co,_, 


51,- 


= Co.- 


_(-«/?+) + ici,_, 






ha- 


= co,-(- 






= co,-(-7+/3++ 


+ a(/3+)2)- 


f ci,_(-/3+), 



(2.15) 



Here {c£,±}fgN denote summation constants which naturally arise when solving the 
difference equations for g£^± in (|2.6p . (|2.10p . Subsequently, it will also be useful to 
work with the corresponding homogeneous coefficients fe,±, g£,±, and hi,±, defined 
by the vanishing of all summation constants ci^^± for k = 1, . . . and choosing 
co,± = 1, 

/o,+ /o,-=a, /«,± = /£,±|co,±=i,c„±=o,j=i,...,f, ^eN, (2.16) 
50, ± = 5, .g£,± = 5f,±|co,±=i,cj,±=o,i=i,...,£, ^ e N, (2.17) 
/io,+ =/3, /io,_ = -/3+, /i£,± = /i£,±|co.±=i,c,.±=o,j=i,...,f, ^eN. (2.18) 
By induction one infers that 

e e e 

h.± = Yci^k,±fk.±, gi.± = ^c^_fe,±5fe,±, /i^,± = ^c£_fe,±/ife,±. (2.19) 

fe=0 fc=0 fc=0 

In a slight abuse of notation we will occasionally stress the dependence of fe,±, ge,±, 
and he,± on a, /3 by writing fe,±{a,P), gi,±{a,/3), and ft.^,±(a, /3). 

One can show (cf. [ID]) that all homogeneous elements fe,±, gi,±, and /i£.±, 
£ G No, are polynomials in a, /3, and some of their shifts. 

Remark 2.3. As an efficient tool to later distinguish between nonhomogeneous 
and homogeneous quantities /£,±, 5^,±, /i£.±, and fe,±, gi,±, hi^±, respectively, we 
now introduce the notion of degree as follows. Denote 

/W^^M/^ / ^ {/(n)}„g2 e ^('■) = |5f^J'^; ^-JJ' reZ, (2.20) 

[(S" ) ^ r<0, 

and define 

deg (a^*^)) = r, deg = -r, re Z. (2.21) 

This then results in 

deg (/(;!) = £ + 1 + r, deg {f[']) = + r, deg (g^J) = ±1, 



degiUll) =i-r, deg{U[l) = -l-l-r, £ e No, r e Z. 



(2.22) 



(2.23) 



We also note the following useful result (cf. [40 ): Assume (|2.ip . then, 

9l,+ - gj^+ = Q;ft,^,+ + Pfl^, I G No, 

gt--gi,^^ahj^^+l3ft-, £eNo. 

Moreover, we note the following symmetries, 

/£,±(co,±,a,/3) = ^<!,+ (co,T;/^;")' 5<?,± (co,± , «, /3) = 5/',=p(co,zp,/3, a), £ G Nq. 

(2.24) 
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Next we relate the homogeneous coefficients fe,±, ge.±, and he,± to certain matrix 
elements of L, where L will later be identified as the Lax difference expression 
associated with the Ablowitz-Ladik hierarchy. For this purpose it is useful to 
introduce the standard basis {Sm}mei, in ^^(Z) by 



m,n 



1, m — n, 
0, m ^ n. 



The scalar product in (Z) , denoted by (•,•), is defined by 
(/,5) = E/(^5W, /,5e^^(Z). 



(2.25) 



(2.26) 



In the standard basis just defined, we introduce the difference expression L by 
/ _ \ 



L = 







-a(0)p{-l) -/3(-1)q(0) -a(l)p(0) p(0)p(l) 

p(-l)p(0) /3(-l)p(0) -/3(0)a(l) /3(0)p(l) 

-a(2)p(l) -/3(l)a(2) -a(3)p(2) p(2)p(3) 

p(l)p(2) /3(l)p(2) -/3(2)a(3) /3(2)p(3) 



V 







(2.27) 



P even 

s— + (/r 



Wp+s, 



where 

<5ovon — X2Z' '^odd = 1 " <^ovcn = X2Z+1- (2.28) 

In particular, terms of the form —P{n)a{n+1) represent the diagonal (n, n)-entries, 
71 G Z, in the infinite matrix (|2.27p . In addition, wc used the abbreviation 

(2.29) 



p = 7i/2 = (I-a/3)i/2. 
Next, we introduce the unitary operator Ug in £^(Z) by 



and the sequence e 



ein) G {1, -I}, n G Z, 

{e{n)}ne% e by 

e{n) — e{n — l)e(n), n G Z. 
A straightforward computation then shows that 



(2.30) 



(2.31) 



(2.32) 



where is associated with the sequences a — a, f3 — (3, and p ~ ep. Moreover, the 
recursion formalism in (|2.5p - (|2.12p yields coefficients which are polynomials in a, 
(3 and some of their shifts and hence depends only quadratically on p. As a result, 
the choice of square root of p{n), n G Z, in (I2.29P is immaterial when introducing 
the AL hierarchy via the Lax equations (|2.72p . 

The half-lattice (i.e., semi- infinite) version of L was rediscovered by Cantero, 
Moral, and Velazquez [21] in 2003 in the special case where (3 = a (see also Simon 
[52]-[54] who coined the term CMV matrix in this context). 

The next result details the connections between L and the recursion coefficients 
f£,±, g£,±i and he,±: 
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Lemma 2.4. Letn G Z. Then the homogeneous coefficients {fe,±}eet>ioj {ge.±}eeNo, 
and {^£,±}feNo satisfy the following relations: 

n odd, 

fi^_{n)^a{n){5n,L "5^) + p{n){) ^ e No, 

|^(d„,L 'd„-i), n odd, 

ffo,± = l/2, 5€,±(n) = (5„,L±^(5„), £eN, (2.33) 

I ( \ R( \(x Ttx \ , i ^ J ('5n,i^'5„_i), n even, 
he,+ {n) ^ P{n){Sn,L dn) + p[n) < ^ G No, 

\^(dn~i,L''dn), n odd, 

\^[dn-i,L dn), n odd. 

For the proof of Lemma 12.41 and some of its applications in connection with 
conservation laws and the Hamiltonian formalism for the Ablowitz-Ladik hierarchy 
we refer to |31]. 

Next we define the 2x2 zero-curvature matrices 

l) (2-34) 



^pW = * I 1 ' P=iP-,P+) 6 K (2.35) 



and 

H^{z) -K^{z)^ 

for appropriate Laurent polynomials Fp{z), Gp{z), Hp{z), and Kp{z) in the spectral 
parameter z G C\{0} to be determined shortly. By postulating the stationary zero- 
curvature relation, 

= UVp-Vp+U, (2.36) 
one concludes that p.36p is equivalent with the following relations 

z{Gp ~ Gp) + z(3Fp + aHp = 0, (2.37) 

zf3Fp + aHp ^Kp + Kp^O, (2.38) 

-Fp + zF- + a{Gp + Kp)^ 0, (2.39) 

zP{Gp + Kp) - zHp + Hp=0. (2.40) 

In order to make the connection between the zero-curvature formalism and the 

recursion relations (|2.5p - (|2.12p . we now define Laurent polynomials Fp, Gp, Hp, 
andiCpbjQ 

p- 

Fpiz) = fp-~i,-^~' + E /p+-i-^.+^'' (2-41) 

1=1 1=0 

Gp{z) = Y.9p--e^-^^~^ + Y.9p+-e.+^'^, (2-42) 
e=i e=o 



^In this paper, a sum is interpreted as zero whenever the upper Hmit in the sum is strictly less 
than its lower limit. 
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Hp{z)^ + ^ (2-43) 

V- p+ 

Kp{z) = Ygp_^i,^^z-^ + Ygp^_i^+z^ = Gp(z) + 5p-,- - 9p+..+- (2-44) 

1=0 1=1 

The corresponding homogeneous quantities are defined by {£ G Nq) 



fc=i 



fc=0 



fe=i 



9i-k,+z , 



fc=0 

£-1 



(2.45) 



fe=0 



fc=i 



*:=0 



fc=l 



The stationary zero-curvature relation (|2.36p . — UVp — VpU, is then equivalent 



to 



-a(5p+.+ + 9p_,-) + fp+-i,+ - fp--i- = 0' 
+ 9p--) + ^ = 0- 



(2.46) 
(2.47) 



Thus, varying p± G Nq, equations (|2.46p and (|2.47p give rise to the stationary 
Ablowitz-Ladik (AL) hierarchy which we introduce as follows 



s-ALp(a,/3) 



/-a(5p+,+ + .9p_,-) + /p+-i,+ - /p_-i -A _ 



= 0, 



V P{9p+.+ + 9p-,-) + - 
Explicitly (recalling 7=1— a(3 and taking p_ = for simplicity), 



(2.48) 



s-AL(o,o)(a,^) = 



= 0, 



s-AL(i,i)(a,^)= f-](^°-"J+^"-+"t)-^(^^^ 



s-AL(2,2)(a,/3) 



/— 7(co +a++7+ + Co -q; 7 — a(co +a+/3 + cq _a /3+)\ 

-/?(co,-(a-)2+Co.+ (a+)2)) 

7(co,_/3++7+ + co,+l3—j- - /5(co,+a+/5- + co,_a-/3+) 
V -a(co,+ (r)' + co.-(/3+)2)) / 



10 



F. GESZTESY, H. HOLDEN, J. MICHOR, AND G. TESCHL 



+ i't'-^R^^ - 0' -tc, (2.49) 

V 7(ci,+/5 +ci_/3+) + C(2,2)/9/ 

represent the first few equations of the stationary Ablowitz-Ladik hierarchy. Here 
we introduced 

Cp = (cp„,_ + Cp+,+)/2, p± G No. (2.50) 

By definition, the set of solutions of (|2.48|) . with p± ranging in No and ce,± £ C, 
^ e No, represents the class of algebro-geometric Ablowitz-Ladik solutions. 

In the following we will frequently assume that a, /3 satisfy the pth stationary 
AL system s-ALp(a,/3) = 0, supposing a particular choice of summation constants 
Q,± € C, ^ = 0, . . . ,p±, p± e No, has been made. 

In accordance with our notation introduced in ()2.16|) - ()2.18|1 and (I2.45|) . the cor- 
responding homogeneous stationary Ablowitz-Ladik equations are defined by 

s-ALp(a,/3) =s-ALp(a,/3)|^^_^^^_^^_^^g_^^^^^p^, p= ip-,p+) eK (2.51) 

In addition, one can show (cf. [40l Lemma 2.2]) that — gp_,~ up to a 

lattice constant which can be set equal to zero without loss of generality. Thus, we 
will henceforth assume that 

5p+,+ =5p-,-> (2-52) 

which in turn implies that 

Kp = Gp (2.53) 

and hence renders Vp in (|2.35p traceless in the stationary context. (We note 
that equations (|2.52p and (|2.53p cease to be valid in the time-dependent context, 
though.) 

Remark 2.5. (i) The particular choice co,+ ~ co,- ~ 1 yields the stationary 
Ablowitz-Ladik equation. Scaling co,± with the same constant then amounts to 
scaling Vp with this constant which drops out in the stationary zero-curvature 
equation (|2.36p . 

(ii) Different ratios between co,+ and cq,- will lead to different stationary hierar- 
chies. In particular, the choice co,+ — 2, co,- = ■■■ — Cp__i,_ = 0, Cp_,_ ^ 0, 
yields the stationary Baxter-Szego hierarchy considered in detail in [33]. However, 
in this case some parts from the recursion relation for the negative coefficients still 
remain. In fact, (I2.12p reduces to gp_,- — gp_- = a^p_-i,-, /ip_-i,- = and 
thus requires gp_~ to be a constant in (|2.48p and (|2.64p . Moreover, = 

in (|2.48p in this case. 

Next, taking into account (|2.53p . one infers that the expression Rp, defined as 

i?p = G| - FpHp, (2.54) 

is a lattice constant, that is, Rp — R^ — 0, by taking determinants in the stationary 
zero-curvature equation (|2.36p . Hence, Rp{z) only depends on z, and assuming in 
addition to (|2.ip that 



co,± e C \ {0}, p = {p.,p+) e Nl \ {(0,0)}, 



(2.55) 
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one may write Rp 

2p+l 

Rp{z) = (cg,+/4)z-2P- n - E„.), {i?™}?^;o' C C \ {0}, ^2.56) 



p = p-+p+-l eNo- 
Moreover, multiplying (|2.54p by z'^p- and taking z ^ yields 

l[E^ = f^. (2.57) 

m=0 0,+ 

Relation p.54p allows one to introduce a hyperelliptic curve ICp of (arithmetic) 
genus p = p_ + p+ — 1 (possibly with a singular affine part), where 

2p+l 
m=0 

(2.58) 

Next we turn to the time-dependent Ablowitz-Ladik hierarchy. For that pur- 
pose the coefficients a and /3 are now considered as functions of both the lattice 
point and time. For each system in the hierarchy, that is, for each p±, we in- 
troduce a deformation (time) parameter G M in a,/?, replacing a(n),/3(n) by 
a{n,tp),/3{n,tp). Moreover, the definitions (p:34| . (lOSj) . and ((CT|) - (|2^ ofU,Vp, 
and Fp,Gp, Hp, Kp, respectively, still apply. Imposing the zero-curvature relation 

Ut^_ + UVp-V+U = 0, peNl (2.59) 
then results in the equations 

at^ = i{zFp + a{Gp + Kp) - Fp), (2.60) 

Pt, = -«(/3(G'; -I- Kp) - Hp + z-'Hp), (2.61) 

z{G- - Gp) + zpFp + aHp, (2.62) 

= zPF- + aHp + K- - Kp. (2.63) 
Varying p G Ng , the collection of evolution equations 

V-«/3tp+/3(5p+,+ +5p-,-)-^p--i,-+ (2.64) 

tpeR, (p_,p+) gN2, 

then defines the time-dependent Ablowitz-Ladik hierarchy. Explicitly, taking p_ = 
p+ for simplicity, 

AL(o,o)(a,/3) = « "=0' 

AT ^ m /^-*"t(ii) -7(co-a~ +co,+a+) -C(i.i)Q!\ 

AL(2,2)(a,/?) (2.65) 



^We use the convention that a product is to be interpreted equal to 1 whenever the upper Hmit 
of the product is strictly less than its lower limit. 
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/-«"t(2 2) - 7(co,+Q;+^7^ + Co,-" 7" - a(co,+Q;+/3" + co-a^P+)\ 
-/?(co,_(a-)2 + co,+ (a+)2)) 

*A(2 2) + 7(co,-/3++7+ + co,+/?--7" - /3(co,+a+/3- + co,_a-/3+) 
V -a(co^+(r)' + Co,-(/3+)')) / 

7(ci,+r + ci,-/3+) + c(2^2)/3 y ' ' 

represent the first few equations of the time-dependent Ablowitz-Ladik hierarchy. 
Here we recall the definition of Cp in (|2.50p . 

By p.64p . p.6p . and ()2.10p . the time derivative of 7 = 1 — af3 is given by 

7tp = «7((5p+,+ ~9p+,+) - {9p-.- - .9pl,-))- (2-66) 

Remark 2.6. From (|2.37P " (|2.40p and the explicit computations of the coefficients 
fi,±i 9i,±i /i£,±, one concludes that the zero-curvature equation (|2.59p and 
hence the Ablowitz-Ladik hierarchy is invariant under the scaling transformation 

a^ac = {ca(n)}„6z, /3 /3c = {/3(n)/c}„ez, c G C \ {0}. (2.67) 
Moreover, Rp = Gp — HpFp and hence {£'?n}m=o ^-^^ invariant under this trans- 
formation. Furthermore, choosing c = e''^^', one verifies that it is no restriction 
to assume Cp — 0. This also indicates that stationary solutions Q!,/3 can only be 
constructed up to a multiplicative constant (compare Theorem 13.71 in particular, 

(EH, dSSll)). 

Finally, we briefly hint at explicit expressions of the Lax pair for the Ablowitz- 
Ladik hierarchy. More details will be presented in [42] . First we need some notation. 
Let T be a bounded operator in £^(Z). Given the standard basis (j2.25p in ^^(Z), 
we represent T by 

T = (r(TO,n))^^^^^g^2, T{m.,n) ^ {5,n,T5n), (171,71) gZ^. (2.68) 
Moreover, we introduce the upper and lower triangular parts T± of T by 

rr frr t \\ rr. I ^ \T{m,n), ±(n-m)>0, 

T± = (T±(m,n))(_^^,„ T±(m,n) = |^^ (2.69) 

Next, consider the finite difference expression Pp defined by 
. p+ . 

1=1 1=1 

-^CpQd, p={p-,p+) eNl (2.70) 

with L given by ()2.27p . Cp — (cp_._ -f Cp^^+)/2, and Qd denoting the doubly infinite 
diagonal matrix 

Q.= ((-1)'=Mm«- (2-71) 
Then one can show that (L, Pp) represents the Lax pair for the Ablowitz-Ladik 
equations (I2.64p for p G Nq \ {(0,0}. In particular, the hierarchy of nonlinear 
Ablowitz-Ladik evolution equations (|2.64p then can alternatively be derived by 
imposing the Lax commutator equations 

Lt^itp)-[Ppitp),L{tp)]^0, tpeR,p€Nl. (2.72) 
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For additional representations of Pp in terms of L and a particular factorization 
of L we refer to 42 . The Ablowitz-Ladik Lax pair in the special defocusing case, 
where (3 — a, in the finite-dimensional context, was recently derived by Nenciu [50| . 

In the special stationary case, where Pp and L commute, [Pp, L] — 0, they satisfy 
an algebraic relationship of the type 

2p+l 

Pi + Rp{L) = P| + {cl^/i)L-'P- Y[{L E,n) = 0, 

(2.73) 

2p+l ^ ' 

rn—O 

Thus, the expression P^ + Rp{L) in (|2.73p represents the Burchnall-Chaundy Lau- 
rent polynomial of the Lax pair {L, Pp). 

3. The Stationary Ablowitz-Ladik Formalism 

This section is devoted to a detailed study of the stationary Ablowitz-Ladik 
hierarchy and its algebro-geometric solutions. Our principal tools are derived from 
combining the Laurent polynomial recursion formalism introduced in Section [2] and 
a fundamental meromorphic function on a hyperelliptic curve ICp. With the help 
of (/) we study the Baker-Akhiezer vector ^ff, trace formulas, and theta function 
representations of 0, a, and /3. For proofs of the elementary results of the 
stationary formalism we refer to [39], [40] . 

Unless explicitly stated otherwise, we suppose throughout this section that 

a,/3eC^, ^ {0, 1}, n e Z, (3.1) 

and assume ([231l - ([2T3l) . (I234ll - (l236)l . ^M)-^Ml, dMSj), (l233)l . ([234ll . (l236)l . 
keeping p € \ {(0, 0} fixed. 
We recall the hyperelliptic curve 

2p+l 

ICp:Tp{z,y) = _ Ac^^^z^p- Rp{z) = - H {z - E^) = 0, (3.2) 

m=0 

/ N 2 2p+l 



m— 



as introduced in (|2.58[) . Throughout this section we assume the affine part of ICp 
to be nonsingular, that is, we suppose that 

Em / Em' for m ^ to', to, to' = 0, 1, . . . , 2p -|- 1. (3-3) 

Kp is compactified by joining two points Poo±, ^oo+ / ^oo_, but for notational 
simplicity the compactification is also denoted by /Cp. Points P on /Cp\{Poo+, -Pcx)_ } 
are represented as pairs P = (z, y), where j/( ■ ) is the meromorphic function on Kp 
satisfying J-p{z,y) = 0. The complex structure on ICp is then defined in the usual 
way, see Appendix [Xj Hence, ICp becomes a two-sheeted hyperelliptic Riemann 
surface of genus p in a standard manner. 

We also emphasize that by fixing the curve ICp (i.e., by fixing Eq, ■ ■ ■ ,E2p+i), 
the summation constants ci_±, . . . , Cp^_± in fp^^±, gp±,±, and hpj_^± (and hence in 
the corresponding stationary s-ALp equations) are uniquely determined as is clear 
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from (jB.SP which estabhshes the summation constants ci^± as symmetric functions 
of E^^, . . . ,£^^+1- 

For notational simplicity we will usually tacitly assume that p G N and hence 
£GN2\{(0,0),(0,1),(1,0)}. 

We denote by {Mi("')}j=i,- -,p ^i^d {i^j{n)}j=i,...,p the zeros of ( • Fp{ ■ , n) and 
( ■ )P-^^Hp{ • , n), respectively. Thus, we may write 

■p 

Fp{z) = -co,+a+z-P- Y[{z~ fi^), (3.4) 

j=i 
p 

Hpiz)^co,+Pz-f'-+'ll{z~i,,), (3.5) 
j=i 

and we recall that (cf. (|2.54p ) 

Rp — Gp — —FpHp. (3.6) 

The next step is crucial; it permits us to "lift" the zeros fij and z/j of ( • y- Fp and 
( • )P-~^Hp from the complex plane C to the curve ICp. From (|3.6[) one infers that 

i?p(z) - Gpizf =0, z e {/Xj, i^fe}j,fc=i,...,p. (3.7) 

We now introduce {Ai}i=i,...,p {£'j}j=i,...,p C ICp by 

Ai("-) = {'^/co,+)fJ-j{nf'Gp{fij{n),n)), j = l,...,p, n e Z, (3.8) 

and 

C'j{n) = (j^j(n), -(2/co,+)^'j(n)P-Gp(i/j(n),n)), j = 1, . . . n G Z. (3.9) 
We also introduce the points Po,± by 

^2 2p+l 

Po,± = (0, ±(co,-/co,+)) elCp, 4^ = n (3.10) 

We emphasize that Po,± and £'oo± are not necessarily on the same sheet of ICp. 
Next we introduce the fundamental meromorphic function on JCp by 

M2)z-^-y + Gp{z,n) 

= F^) ^'-''^ 

-""^^^'"^ (3.12) 



{co,+/2)z-P-y~Gp{z,n)'' 

P = (z,?/) G /Cp, n G Z, 

with divisor (</)( • , ti)) of </>(•, n) given by 

((/)(•,«))= 2'Po,_£(n) - T^P^_Mn) , (3.13) 

using (|3.4p and p.Sp . Here we abbreviated 

A = {Ai, • ■ • ,Ap}, {h, . . . ,!>p} G SymP(/Cp). (3.14) 

Given </>(•, n), the meromorphic stationary Baker-Akhiezer vector ^(-,71, tiq) on 
/Cp is then defined by 



4'(P,n, no) 
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f n::'=„o+i + «("')r ^o) , « > + 1, 

-!/'i(-P, n, no) = < 1, n = no, (3.15) 

in::L„+i + «(n')0-(P,n'))"\ « < no - l, 

[ Ul=no+i {zP{n')r{P,n')-' + 1), n > no + 1, 
i/)2(P, n,no) = no) < 1, n = no, 

in::L„+i {zpin'^-iP.n')-' + iy\ n < no - l. 

(3.16) 

Basic properties of </> and ^' are summarized in the following result. 



Lemma 3.1 ( [40j ) . Suppose that a, (3 satisfy p.ip and thepth stationary Ablowitz- 
Ladik system (|2.48p . Moreover, assume p.2p and (j3.3p anc? let P = iz,y) £ ICp \ 
{^oo+ I -Poo- J j ^0,-}; ("^i^o) G r^en satisfies the Riccati-type equation 

a<j>{P)(l>- (P) - <l>- (P) + z(P{P) = zl3, (3.17) 



as well as 

HJz) 
tp[z) 
Gp{z) 

cp{P)+cPiP*) = 2-^, (3.19) 
</.(P)-0(P*)=co,+z-^-|^. (3.20) 

T/ie vector "if satisfies 

C/(z)«'-(P) = l'(P), (3.21) 
yp(z)*-(P) = -(z/2)co,+z-^-2;vI/-(P), (3.22) 
V'2(P,n,no) =0(P,n)^/.i(P,n,no), (3.23) 

^i(P,n,no)Vi(/'*,n,no) = z"-"°^^^^r(n,no), (3.24) 

Pp(z,no) 

^2(P,n,no)V2(P*,n,no) = z"-"«^=^^r(n,no), (3.25) 

Pp(z,no) 

ipi{P, n, no)V'2(P*, n, no) + 'ipi{P*,n, no)V'2(P, n, no) (3.26) 

G„(z, n) 

= 2z"-"«-^^ ^r(n,no), 

}'p[z, no) 

'!/'i(P, n,no)'(/'2(P*,n,no) - ipi{P* ,n,nQ)ip2{P,n,no) (3.27) 

= -co.+z"-"''-^- , r(n,no), 
Pp(z,no) 

where we used the abbreviation 





|'n"'=„o+i7(»^'), 


n > no + 1, 




r(n, no) = 1 




n = no, 


(3.28) 




in:L„+i7(n')-\ 


n < no — 1. 
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Combining the Laurent polynomial recursion approach of Section [2] with ()3.4|) 
and p.Sp readily yields trace formulas for fe_± and he_± in terms of symmetric 
functions of the zeros and j/fe of {-y-Fp and {■)P-^^Hp, respectively. For 
simplicity we just record the simplest cases. 

Lemma 3.2 (00]). Suppose that a, f3 satisfy p.ip and the pth stationary Ablowitz- 
Ladik system (|2.48p . Then, 

P /2p+l X -1/2 



a 



jy'^l ^ m— 
p . 2p+l . _i/2 



y =n'^4 n^-) ' (3-30) 



j — l m— 



5:m.-«+/3-7+^-^, (3.31) 



Next we turn to asymptotic properties of (p and '5 in a neighborhood of Poo± 
and Po,±- 

Lemma 3.3 ([40]). Suppose that a, f3 satisfy p.ip anrf ifte p</i stationary Ablowitz- 
Ladik system (|2.48p . Moreover, let P — {z,y) £ l^p \ {Poc+, Poo-, Po,+, Pq.-}, 
(n,no) £ Z^. r/ien has the asymptotic behavior 



cxD_ : 



C-o I -(a+)-iC-i + (a+)-2a++7+ + 0(C), P ^ Po< 

(3.33) 



a 'i-a-2a-7C + 0(C2), P ^ Po,+, 



'^(^') = S ^ ? o . C = ^- (3.34) 

T/ie components of the Baker- Akhiezer vector have the asymptotic behavior 

Vi(P,n,no) = 1^ + ^^^^' ^-^^0,+ , 

C-"\C""""r(n,no)(l + 0(C)), P^Po,-, 

I (P ^ //3(n)C"°-"(l + 0(C)), P^Poo^, ^ 

V'2(P,n,7io = < 1 , \^-if,.n//-\\ P P C=l/2^, 3.37) 

'^^'^ i-^Tf;i^r(n,no)C '(1 + 0(C)), P^Poo_, 

0(0, ^^^^0.+ , 



V'2(P,n,no) = <^ ' C = z. 

C-o\-/3+(n)r(n,no)C"+i-"°(l + 0(C)), P ^ Po.-, 

(3.38) 

T/ie divisors (ipj) of ipj, j — 1,2, are given by 

(V'i( • , «, '^o)) = ^A(n) ^ ^A(«o) + (" - no){T^Po,- - T^P^^ ): (3.39) 
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(V'2(- ,n,7io)) = Vo(n) - T^p.ino) + {n - no)(Pp, _ - Vp^^) +Vp„ _ - Vp^_. 

(3.40) 

Since nonspecial divisors play a fundamental role in this section and the next, 
we now take a closer look at them. 

Lemma 3.4 ( [40j ) . Suppose that a, (3 satisfy (13. ip and thepth stationary Ablowitz- 
Ladik system p.48p . Moreover, assume p.2p and (13. 3p and let n S Z. Let 2?^, 
pL = {/ti, . . . ,/tp}, and Pp, — {z^j^, . . . ,Vp}, be the pole and zero divisors of degree 
p, respectively, associated with a, (3, and (f) defined according to (|3.8p and p.9p . 
that is, 

AjH = (2/co.+)/ij(nf-Gp(Aij(n),n)), j = 1, . . . ,p, 

i'j(n) = {i^j{n),-{2/cQ^+)iyj{n)P-Gp{iyj{n),n)), j^l,...,p. 

Then 2'/i(ri) cind are nonspecial for all n Eli. 

Next, we shall provide an explicit representation of (/), 4", a, and (3 in terms of 
the Riemann theta function associated with ICp. We freely employ the notation 
established in Appendix [X] (We recall our tacit assumption p G N to avoid the 
trivial case p = 0.) 

Let 9 denote the Riemann theta function associated with /Cp and introduce a 
fixed homology basis {aj, &i}j=i,...,p on /Cp. Choosing as a convenient fixed base 
point one of the branch points, Qq = {EmQ,0), the Abel maps Aq^ and aq^ are 
defined by (|A.20p and (|A.2ip and the Riemann vector Eq^ is given by ([X3T|l . Let 

Up^ p be the normal differential of the third kind holomorphic on ICp \ {P+, P-} 
with simple poles at P± and residues ±1, respectively. In particular, one obtains 

for w^„^_,p^^, 

(3) _fy + yo-^Y^f^ X, .^^ 



Tn(^-^±.^))^' ^0,-- (0,2/0,-), (3.42) 



where the constants {^±.j}^^i C C are uniquely determined by employing the 
normalization 

J^l_p^^^O, j = (3.43) 

The explicit formula p.42p then implies the following asymptotic expansions (using 
the local coordinate C — ^ near Po,± and C — 1/^ near Poo±), 



^pL,p^ =JwnK'^o'^(^o,-,i^ooJ + 0(C) asP^Po,±, (3.44) 



(3) _ r 

■o.-^P^- cZo \ln(C) 

^ ^pL,p^_ |_^^)| +c.o°°^(Po,-,Poo_) +0(C) as P ^ P^±, (3.45) 

j^^pL^P^, A{ln(C)}+'^°'^^^"'-'^°"-) + ^(^) asP^Po.i, (3.46) 

^S-,Po., +c.o°°*(Po,-,PooJ +0(C) as P ^ P^^. (3.47) 
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Lemma 3.5. With to^" {Pq_^, Poo ±) and lUq'"^ (Pq,-, -Poo±), cr,o-' G {+,—}, defined 
as in (im-dMZl) one has 

exp (t^°'-(Po,-, Poo±) - ^o"^ {Po^-,PooJ 

- UJ^- (Po,-, Poo J + C^o°'+(Po,-, Poc J) = 1 

Proof. Pick Qi^± = (zi, ±2/i) £ /Cp \ {Poo± } in a neighborhood of Poo± and Q2,± = 
(z2, ±2/2) G /Cp \ {Po,±} in a neighborhood of Po,±. Without loss of gencrahty one 
may assume that P00+ and Po.+ he on the same sheet. Then by (I3.42p . 

,(3) /'^"",,(3) (3) ^ f'^'^\P) 



0,+ .^ ^ - (3-48) 



"'Qo "'Qo 
/ — = ln(z2) - In(zi) + 27riA:, (3.49) 

for some fc G Z. On the other hand, by (|3.44p - (|3.47p one obtains 

(3) /■'^^■^ (3) f'^'- (3) ^ /■'^^■^ (3) 

^P0.-,Poo_ " / '^PO.-^P^O^ " / '^PO.-.P^O^ + / '^Po.-.Poo 

JQo JQa JQo 

= ln(z2) + ln(l/zi) + wS'- (Po.-, Poo_ ) - {Po,-, Poo^ ) 

- UJ^- (Po,-, Poo_ ) + C^S'+(Po,-, Poo_ ) + 0{Z2) + 0(1/Zl), (3.50) 

and hence the part of (I3.48|l concerning (^p^_ foUows. The corresponding 

f3) 

result for ujp^ p is proved analogously. □ 

In the following it will be convenient to use the abbreviation 
z(P,Q)=lQ„-AQ„(P) + aQ„(2?Q), 
P G /Cp, Q - {Qi, . . . , Qp} G Symf (/Cp). 

We note that z{- ,Q) is independent of the choice of base point Qo- 
For later use we state the following result. 



(3.51) 



Lemma 3.6. The following relations hold: 

^(Poo+,A+) -MPco_,^) -^(/^o,-,A) =^(^0,+,^+), (3.52) 

^(Poo+,^+) = z(Po,_,^), z(Po,+ ,A+) -l(i'oo_,A)- (3.53) 

Proof. We indicate the proof of some of the relations to be used in p. 691) and (|3.70p . 
Let A denote either fi or v. Then, 

z{Po,+,k'') =Eqo - AqJPo.+) + ag^^iVy,) 

= Sqo - Aq„ (Po,+) + iV^) + Ap^ _ (Poo^ ) 

= ^Qo~AQ„iPoo.)+aQ^iV^) 

= z{Poo^A). (3.54) 

z{P^+A^)=^q,-Aq,{Poo^)+c^,{V.^^) 

= ^Q, - Aq„ {Poo^ ) + aQ„ (Vx) + Ap,,_ (P00+ ) 
= ^Qo-AQ,{Po,-)+aQ^{T^-,) 
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= 2(^^o,-,A), etc. (3.55) 

Here we used Aq^^{P*) — —AQaiP)^ P ^ since Qo is a branch point of /Cp, 
and Q_Q^{'D^+) — aQ^{'D^) + Ap^ _ (Poo+)- The latter equahty immediately follows 

from p.39p in the case \ ~ jl and from combining (|3.13p and (|3.40p in the case 

A = □ 

Given these preparations, the theta function representations of (j}, ipi, ip2, ct, and 
P then read as follows. 

Theorem 3.7. Suppose that a,f3 satisfy (j3.ip and the pth stationary Ablowitz- 
Ladik system (j2.48p . Moreover, assume hypothesis (j3.2p and (13. 3p . and let P G 

\ {-foo+ , -PcxD- , -Po,+ j -Po,-} (n,no) G ^'^^ T/ien /or eac/i n G Z. I'/i(n) fl^i'^ 
'Do(n) OLf^ nonspecial. Moreover, 

A^{P,Hn))) _f ,(3) 



/(z(P,A(n))) / /-^ (3) \ 

V'i(/',n,no) = C(n,no)^^^^^-^^^^exp |^(n-no)y^ Wp^_ p^^j, (3.57) 

V'2(P,n,no) = C(n)C(n,no)-^^-^^'^^''^^^ 



0(z(P,A(no))) 

xexpf f J^^ p +{n-no) f co^p^ p V (3.58) 
V^Qo ■ ' " JQo ' ' +/ 

where 

C{n) = (-l)"-«o exp((n-no)(w°'-(Fo,-,PocJ-c^o°°+(Po,-,PooJ)) 

a{no) 0[z(Po^+,v[nQ))) 

^ / ^ \ °^+iu u ^^^U(^°o+,A("o))) 
C(?i,no) = cxp( - (n- no)cJo +(Po.-,f^+)) ^rTrT' 

The Abel map linearizes the auxiliary divisors 2?^-i(„) and ^^(^n'j in the sense that 
fiQo(%«)) =aQo(%no)) + {n-no)Ap^_{Poo^), (3.61) 
^Qo(%»)) = fiQo(%»o)) + (" - no)Ap^ _{Poo+), (3.62) 

m addition, 

^Qo ) = ^Qo ) - Aqo (Po,-) + Aq^ (Poo_ ) 

= «Qo(2?A(n))+4po.-(^ooJ. (3.63) 

Finally, a, (3 are of the form 
a{n) = a(no)(-l)"-"" cxp ( - (n - no)(c^S'" (^o,-, Poo_ ) - c^o°°^(^o.-, PooJ)) 
g(^(i^o.+ ,^(»o)))g(^(Po.+,A(^))) 

0(z(Po,+ ,A(^o)))e(^(Po,+,^(n)))' ^ ^ 

/3(n) =/3(no)(-l)"-"" exp((n-no)(^S'"(Po,-,PooJ-^o"+(Po,-,PooJ)) 



^(^(-Poo+ , A("o)))g(^(-Poo+ , K{n))) 

e{z{Poo^ , ^(no)))^^U(Poo+ , A("))) ' 



(3.65) 



(3.66) 



(3.67) 
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a(n)/5(n) = exp {lu^^Po,-, Po._) - c^S'+(^o,-, PooJ) 
g(z(Po,+,A(")))^fe(-Poo+.^W)) 

r(n,no) ^ exp ((n - no)(wo'"(Po,_, Poo+) - (Pq - , Poo+ ))) 
g(z(Po,„ , A('-^)))g(z(Poo^ , A('-^o))) 

0(z(^o,- , A("o)))f?(^(/'oo+ , A(^))) ■ 

Proof. Applying Abel's theorem (of. Theorem EH (jAT29l) ) to ([SlS]) proves ([3?63l) . 
and applying it to ([HIIDl) results in (P3T|) and (jX^ . By Lemma [Xil 

P/i and are nonspecial. By equation (|3.13|) and Theorem IA.3[ (piP, n) exp ( — 

*(P„„„xp(-£.g.._,,^_).C,„,MM 

for some constant C{n). A comparison of p.68p and the asymptotic relations 
then yields, with the help of ([2311), (p:i5)) and (jXS^ . (P^H]) . the following 
expressions for a and /3: 



= C+e' 





,A+)) 


0{z{P^^ 


-,^)) 


0{z{P^_ 


,A)) 


) oUiPo. 





_^ -(Po._,P^_) ^ ±v^ . (3.69) 

e(z(Poo_,A)) ^ ' 



Similarly one obtains 



) 0{z{P^^,v+)) 

0{z{P^^,fL^)) 



0(z(Po.-,A)) 



-Ce"o''(^°-^--) ,)-)^ (3.70) 



)g (^(Po,-,^)) 
(z(Po,-,A))' 
Here we used p.6ip and (|3.62p . more precisely, 

«Qo ) = ^iQo (^A ) + Ap, _ {Po.^ ) , "Qo (2?^+ ) = "Qo (2?^) + 4p„ J^oo J . 

(3.71) 

Thus, one concludes 

C(n + l) = -exp[L^[;'-(Po,_,Poo_)"C^r^(Po,-,PooJ]C(n), n e Z, (3.72) 
and 

C(n + l) = -exp[cc>;^-(Po,_,Poo_)-c^o'+(Po,-,PooJ]C(n), n G Z, (3.73) 

which is consistent with p.48p . The first-order difference equation (|3.72p then 
implies 

C(n) = (-!)("-"«) exp [(n - no)(L^°'" (^o,- , Poo_ ) - c^o"+ (Pq,-, Poo J)] C(no), 

n,noGZ. (3.74) 
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Thus one infers ()3.64p and ()3.65p . Moreover, ()3.74|) and taking n ~ no in the first 
hne in (f3?69l) yield ([3391) . Dividing the first hne in ([XTO]) by the first hne in ([339]) 
then proves (j3.66p . 

By (j3.39p and Theorem lA.3[ ^"1 (^'i ^o) must be of the type (I3.57p . A compar- 
ison of (|3.15p . (|3.33p . and (|3.57p as P Poo+ (with local coordinate C = 1/z) then 
yields 

MP,n,m) ^^^(""-"(1 + 0(0) (3.75) 

and 



■>pi{P,n,no) = C{n,no) 



C^o' ' "'0(z(Foo+,A("o))) 

X exp [{n - noH°°M^o,-,Poo+)]C"''-"(l + 0(0) (3.76) 

proving ([3J0| . Equation (|338| is clear from (EH), and ([337]) . 

Finally, a comparison of (|3.36p and (|3.57p as P ^ Pq,- (with local coordinate 
C — z) yields 

MP,n,no) ^=^r(n,no)C"-"" (1 + 0(0) (3-77) 

, 6l(z(Po,_,^(n))) 
A "") g(z(Po^_,A(»o))) ~ (^0,-, Poo, )) 

X C"""° (1 + 0(0) (3-78) 

and hence 

\ r( ^ ^(l(Po. -,/£("))) . o,-.p p ^^ 

r(n,rio) = C(n,no)T;r7^ 77 — -rr exp ((n - ^0)^0 (^b,-, -Poo+)j 

= exp ((n - no)(cc;[;^-(Po,-, P00+) - ^^o"+(Po,-, P00+))) 
0(z(Po,_,A(^)))e(z(Poo+,A("o))) 



0(z(Po,_,A('^o)))^^(^(Poo+,A(^))) ^^'^^^ 
using (|330l) . □ 

We note that the apparent riQ-dependence of O (n) in the right-hand side of (|3.59p 
actually drops out to ensure the ng-independence of (p in (I3.56p . 

The theta function representations ()3.64p . ()3.65p for a, (3 and that for F in ()3.67p 
also show that 7(71) ^ {0, 1} for all n € and hence condition (13. ip is satisfied for 
the stationary algebro-geometric AL solutions discussed in this section, provided 
the associated divisors 'Dp^in) and ^^{n) stay away from Poo± , Po,± for all n e Z. 

The stationary algebro-geometric initial value problem for the Ablowitz-Ladik 
hierarchy with complex- valued initial data, that is, the construction of a and (3 
by starting from a set of initial data (nonspecial divisors) of full measure, will be 
presented in pT] . 

4. The Time-Dependent Ablowitz-Ladik Formalism 

In this section we extend the algebro-geometric analysis of Section [3] to the time- 
dependent Ablowitz-Ladik hierarchy. For proofs of the elementary results of the 
time-dependent formalism we refer to |39j , |40j . 

For most of this section we assume the following hypothesis. 
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Hypothesis 4.1. (i) Suppose that a, (3 satisfy 

a{- ,t),(3{- ,t) e C^, t e R, a{n, ■), (3{n, •) e C\R), n e Z, 

a{n, t)l3{n, t) ^ {0, 1}, (n, t) G Z x M. ^^'"^^ 

(ii) Assume that the hyperelliptic curve K.p satisfies p.2p and p.3p . 

The basic problem in the analysis of algebro-geometric solutions of the Ablowitz- 
Ladik hierarchy consists of solving the time-dependent rth Ablowitz-Ladik flow 
with initial data a stationary solution of the pih. system in the hierarchy. More 
precisely, given p G No\{(0, 0} we consider a solution a'''^\ /J^^^ of thepth stationary 
Ablowitz-Ladik system s-ALp(a(°),/3(°)) = 0, p = G N§\{(0,0}, associated 

with the hyperelliptic curve ICp and a corresponding set of summation constants 
{q,±}£=i,...,p± C C. Next, let r = (r_,r+) G Nq; we intend to construct a solution 
a, /3 of the Ablowitz-Ladik flow ALr(a, /?) = with a(to,r) = a^") , /3(io,r) = /?^°^ for 
some io,r G R- To emphasize that the summation constants in the definitions of the 
stationary and the time-dependent Ablowitz-Ladik equations are independent of 
each other, we indicate this by adding a tilde on all the time-dependent quantities. 
Hence we shall employ the notation Vr, Fr, Gr, Hr, K^, fs,±, gs.±, ^s,±: Cs^±, 
in order to distinguish them from Vp, Fp, Gp, Hp, Kp, fe.±, ge.±, he.±, Q,±, in 
the following. In addition, we will follow a more elaborate notation inspired by 
Hirota's r-function approach and indicate the individual rth Ablowitz-Ladik flow 
by a separate time variable i,- G M. 

Summing up, we are looking for solutions a, (3 of the time-dependent algebro- 
geometric initial value problem 

s-AL,(a(°),/?(°)) = +>"'^"^-"""Vo 

for some to,r € M, where a = a{n,tr), f3 = (3{n,tr) satisfy (|4.ip and a fixed curve 
ICp is associated with the stationary solutions a^'^\ P^^^ in (|4.3p . Here, 

(p-,p+) GNg\{(0,0)}, r= (r_,r+) GNg, p = p_ + p+ ~ 1. (4.4) 

In terms of the zero-curvature formulation this amounts to solving 

Utjz, tr) + U{Z, tr)Vr^{z, - V+{z, tr)U{z, ^ ^ 0, (4.5) 
U{z,to,r)Vp{z,to,r) - V+iz,to^r)U{z,to,r) = 0. (4.6) 

One can show (cf. [41] ) that the stationary Ablowitz-Ladik system (|4.6p is actually 
satisfied for all times tr G M. Thus, we impose 

Ut^{z, tr) + U{z, tr)Vr_{z, tr) - V+{z, tr)U{z, tr) 0, (4.7) 
C/(Z, tr)Vp{z, tr) - V+{Z, tr_)U{z, tr) = 0, (4.8) 



(4.2) 
(4.3) 
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instead of (14.511 and ()4.6p . For further reference, we recall the relevant quantities 
here (cf. ([231, (E^S]), ^M)-^Ml. ^Ml)- 



z a 

zf3 ir 



^G,(z) -F^iz)' 
H-{z) -G-{z) 



(G-_{z) ~F,-{z)^ 



(4.9) 



and 



U{z) 

Fpjz 
Gp{z 

Hp{z _ _ 

Pr_{z) = T. frs,-Z-' + E (4-10) 

G^(z 

for fixed p G \ {(0,0 )}, r E N^. Here fe^±, fs,±, ge,±, gs,±, hi^±, and hs^± are 
defined as in (I2.5p - (l2.12p with appropriate sets of summation constants ci^±, £ € Nq, 
and Cfc,±, k G Nq. Exphcitly, f?!?]) and ([48]) are equivalent to (cf. ([2757]) - (|2^ . 

at^ = i{zF^ +a{G,_ + k^)-Fr), (4.11) 

= -i(/3(G- + ^^) - H^+z-^H-), (4.12) 

= z(G^ - Gr) + z0r_ + aH-, (4.13) 

= z/?F^- + aHr_ + - Kr, (4.14) 

= z{Gp - Gp) + z(3Fp + aH-, (4.15) 

= zf3Fp + aHp -Gp + Gp, (4.16) 

= -Fp + zFp +a{Gp + Gp), (4.17) 

= zl3{Gp + Gp)-zHp + H^, (4.18) 
respectively. In particular, (|2.54p holds in the present fr-dependent setting, that is, 

Gl-FpHp^Rp. (4.19) 





P+-1 p 




E /p+-i-f,+^^ = -Co.+a+2"P- ]T(z 

/^^^ ■* 1 M 1 ^ 






p- 


P+ 


^9p--L-z~'^ + 


E5p+-^'+^^' 


1=1 




P--1 


p+ p 


E /ip--i-^.-^ 








r_ 


r+-l 


Y.fr-s,-Z-'^ 








r_ 




Eff'---^ -^"'^ + 




s=l 




r_-l 




E ^r^-l-s^-Z" 




s=0 




r_ 


»•+ 


s=0 


E^'-+-«' + ^^ = G^(z) + .9r_ - -gr+,+ 
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As in the stationary context (|3.8|) . (13. 9|) we introduce 

fij{n,tr) = {fij{n,tr),i2/co.+)fij{n,tr)P-Gp{fij{n,tr),n,tr)) e ICp, 

(4.20) 

j = l,...,p, (n,t.)eZxM, 

and 

Vj{n,tr) = {iyj{n,tr),-{2/co,+)vj{n,trY-Gp{i/j{n,tr),n,tr)) e /Cp, 

(4.21) 

and note that the regularity assumptions (|4.ip on a, /3 imply continuity of /ij and 
i>k with respect to G IK (away from collisions of these zeros, iij and Vk arc of 
course C°°). 

In analogy to (|3.1ip . p.l2p . one defines the following meroniorphic fimction 
0( ■ , n, tr) on ICp, 

{co +/2)z-P-y + Gp{z,n,tr) 

y ^^^^^ 



(co,+/2)z P-y - Gp{z,n,tr)' 
P = {z,y) E ICp, {n,tr) e Z X M, 

with divisor (0( • , n, i^)) of </)( • , n, tr) given by 

(0(-,n,y) ^Vp^_p(n,U) -T^p^_^{n,u}- (4.24) 

The time-dependent Baker- Akhiezer vector is then defined in terms of (j) by 

nP,n,no,U,to,r) - (^^^(p, j j > (4-25) 
ilJi{P,n,no,U,to,r) = exp ds(Gr(2:, "o, s) - ^^(z, no, s)0(P, ^o, s))^ 

{rin'^no+i (2; + a(«',y0~(^',n',y), ?^ > ^^0 + 1, 
1, n = no, (4.26) 

nlJL„+i (z + a(n',i,)</)-(F,n', <,))"', n < no - 1, 

ip2{P,n',no,U,to.r) = exp ds(Gr{z,no, s) - F^(z, no, s)0(P, no, s))^ 

'n^'=„o+i (^/3(«',y0~(^,"',ir)-^ + l), n>no + l, 
X (j){P,nQ,tr) {I, n = no, (4.27) 



.n"U+i(^/3K,ir)r(-P,"',ir)-^ + l) , n<no-l, 



P = {z, y)&ICp\ {Poo+, Poo_ , Po.+,Po,-}, (n, U) e Z x M. 
One observes that 

i^i{P,n,no,tr,ir) = ^|:l{P,no,no,tr,ir)lpl{P,n,no,tr,tr), 

(4.28) 

P={z,y)elCp\{Poc+,Poo^,Po,+ ,Po,-}, in,no,tr,tr)eZ^xR^. 

The following lemma records basic properties of (f> and ^' in analogy to the 
stationary case discussed in Lemma [XT] 
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Lemma 4.2 ([40 ). Assume Hypothesis 14.11 and suppose that (|4.7|) . (|4.8|) hold. In 

addition, let P = {z,y) € ICp \ {Poo+,^oo_}, (n, no, ir, io,r) G x R^. T/ien cj) 
satisfies 

a<j){P)(j)~ (P) - (f)' (P) + z(/)(P) = z(3, (4.29) 

(/.t^(P) = zP,02(p) _ i{Gr_{z) + i^,(z))0(P) + iKriz), (4.30) 
iJ„(z) 

0(P)0(P*) = ^, (4.31) 
Gp{z) 

</.(P)+</.(P*) = 2-^, (4.32) 

(/.(P)-(/.(P*) = co.+z-^"|^. (4.33) 

Moreover, assuming P — [z, y) £ ICp \ {Poo+, Poo_ , ^o,+ ) ^o,-}; then 4* satisfies 
ip2iP,n,no,tr,to^r) = (j){P,n,tr)^pi{P,n,no,tr,to,r), (4.34) 
C/(z)«'-(P) = 'J'(P), (4.35) 
Fp(z)vl/-(P) = -(j/2)co^+z-f-y*-(P), (4.36) 
^>tAP)^V+{z)^{P), (4.37) 

ipi{P,n,nn,tr,to_r)i}i{P*,n,n(),tr,to,r) = z'^~""-Err T^r(n, no, ir), (4.38) 

-tp[z, no, ro,r j 

Hp{z,n,tr) 

ip2{P,n,no,tr,to^r)i^2iP*,n,no,tr,to.r) = z" ""^rf : — z^{n,no,tr), (4.39) 

Ipl (P, n, no, tr, to^r)^2 (P* , ".O , , to.r) + V"! (^'* , '^■7 «0, , to,£)V'2 (P, "O, Ui to,r) 

Gr, iz, n, tr) 

= 2z"-""— P ^r(n,no,t,), (4.40) 

Fp{z,nQ,tQ^r) 

■01 (P, n, no, , to^r)lp2 (P* , ?^, f^0 , ^r, to,r ) - f/"! (P* , no, tr, to,r)lp2 (P, JT-, ?^0, U, to,r) 

= -co,+^"-"«-P- -— -r(n, no, tr), (4.41) 
Pp(z,no,io,r) 

w/iere 

r(n,no,i.) = <^ 1, n = no, (4.42) 
[W=n+ilin',tr)-\ n<no-l. 

/n addition, as long as the zeros fij{no,s) of ( • )P" Pp( • , no, s) are all simple and 

distinct from zero for s £ X^, C R cm open intGTVCll^ ^i. ' 5 ^ri ^0,r) TfL&TO- 

morphic on JCp \ {Poo+, Poo_ , Po,+ , Po,-} /or (n, i^, io,r) G Z x I^, 
Next we consider the ir-dependence of Fp, Gp, and Hp. 

Lemma 4.3 ([40 ). Assume Hypothesis and suppose that ()4.7p . (|4.8p /loZd /n 
addition, let {z,n,tr) G C x Z x R. Then, 

Fp^t^ = -2iGpFr + 2 (G^ + Kr) Fp, (4.43) 
Gp^t^ = iPpi?, - iHpFr_, (4.44) 
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Hp,t^^2iGpHr~i{Gr + Kr)Hp. (4.45) 

In particular, (|4.43p - (|4.45p are equivalent to 

Vp,t^ = [Vr_, Vp] . (4.46) 

Next we turn to the Dubrovin equations for the time variation of the zeros /ij of 
( • Fp and Vj of ( • Y^^^Hp governed by the ALr flow. 

Lemma 4.4 ([4^). Assume Hypothesis 14.11 and suppose that (14. 7p . ()4.8|) hold on 
Z X mi/i C R an open interval. In addition, assume that the zeros fij, j — 
1, . . . ,p, of {■ Y^ Fp{ ■ ) remain distinct and nonzero on Z x X^. Then {Aj}i=i, 
defined in (|4.20p . satisfies the following first-order system of differential equations 
on X X^, 



Mj,t^= -i^V(A*,)2/(Aj)(a+) 'n(^J-^fc) i = l.--->P> (4-47) 



fi,{n,-)eC°-{I^,ICp), j = neZ. (4.48) 

i^or </ie zeros Vj, j ~ 1, . . . ,p, of {■ Y^^^Hp{ ■ ), identical statements hold with jij 
and Xfj, replaced by Vj and lu, etc. {with X^ C R an open interval). In particular, 
{^'j}j=i,...,p, defined in (|4.2ip . satisfies the first-order system on Z x X^^, 
^ p 
VjU = iHr_{vj)y{yj){f3vjY^ - VkY^ , j = 1, • ■ • (4.49) 

with 

Vjin,-) €C°°{X^,K:p), j = l,...,p, neZ. (4.50) 

When attempting to solve the Dubrovin systems (14. 47^ and ()4.49p . they must 
be augmented with appropriate divisors X'^(no.to,0 G Sym^ACp, to,r G X/^, and 
T^oino.ta r-) G Sym^ A^p, io.r G Xiy, as initial conditions. The algebro-geometric initial 
value problem for the AL hierarchy with appropriate initial divisors will be discussed 
in detail in 41j. 

Next, we turn to the asymptotic expansions of (f> and in a neighborhood of 
Poo± and Po,±- Since this is a bit more involved we provide some details. 



Lemma 4.5. Assume IIypothesis\4A\ and suppose that (|4.7|) . (|4.8p hold. Moreover, 
let P = (z,y) e ICp \ {Poo+,Poo_,Po,+ ,Po,-}, (n, no, ir, M e Z^ x R^. T/ien 
has the asymptotic behavior 

6(p) = //3+r7C + o(c2), p^Poo^, , 

'^^ ^-o\-(a+)-iC-i + («+)-2a++7+ + 0(C), P-Poo_, ^ ^' 

(4.51) 

T/ie component ipi of the Baker- Akhiezer vector ^ has the asymptotic behavior 

1pliP,n,no,tr^,to,r) = exp ( ± -{t^ - tp^r) Cr^-s. + C^" ] (1 + Q(C)) 
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V"o-n p s. p 



V ' L/ Q+(no.to,r) P^P 



X exp 



(4.53) 

1pl{P,n,no,U,to^r) =^ exp f ± ^{U-to^r)^Cr_-s-Cj{^ + 0(C)) 



Q{n,f 



s=0 



a(no,to,z:)' ^^^0, + , 

r(n,no,MC"""" C = 2- 

(4.54) 

Proof. Since by the definition of cf) in (I4.22|l the time parameter tr can be viewed as 
an additional but fixed parameter, the asymptotic behavior of (p remains the same 
as in Lemma 13.31 Similarly, also the asymptotic behavior of 'il)i{P,n,n(),tr,tr) is 
derived in an identical fashion to that in Lemma [3731 This proves (|4.53p and (|4.54|) 
for tQ r ~ tr, that is, 

I (P f , ^ /C"-"(i + 0(C)), P^Po.,, 

C-0 ]^r{n,nQ,tr)-^-jrf^^ + 0{Q, P^Poo^, 



(4.55) 



'-' -\-ol r(n, no, t.)C"-"" (1 + 0(0), ^^-^'o,-, 



(4.56) 



Remaining to be investigated is 
il;i{P,no,no,U,to^r) = exp dt{Gr^[z,no,t)-Fr(^z,no,t)(f>{P,no,t))^ . (4.57) 



The asymptotic expansion of the integrand is derived using Theorem lB.il Focusing 
on the homogeneous coefficients first, one computes as P — > Poo± , 

^ _^ ^ Gp + icn,+/2)z'P-y 
Gs,+ — Fs^+cj) — Gs,+ — Fs^+ — 

V co,+ y J \ co,+ y J 

= ±k-^ + ^^y^/;+ + 0(C), P^Poo^A = l/z. (4.58) 
^ /o,+ 

Since 



Fr 



:oJ2^-+--^+^-'+ + OiC), Gr = J2^r+--^+Gs,+ + 0{0, (4.59) 



s=0 s=0 
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one infers from ()4.51|) 
^ ^ 1 

G^^FrJ = -Y,~^r^~sM~' +0{C), P->Poo+, C=1A. (4.60) 



Insertion of into (|i?57|) then proves ((i35)) as P ^ Poo+ • 

As P — > Poo_ , we need one additional term in the asymptotic expansion of Fr, 
that is, we will use 

r-i- r_ 

Fr = J2 Cr+-s, + Fs,+ + ^ Cr_-s,-fs-l,-C + 0(C')- (4.61) 

s=0 s=0 

This then yields 

^ ^ 1 

Gr - FrJ = J2 ^r+-s, + C' " (a+)-^(/.+ ,+ - fr_-l,-) + 0(C). (4.62) 
s=0 



Invoking (|2.7p and (|4.2[) one concludes that 

- - /r+,+ = + a^(5r+,+ " 5r_ ,-) (4.63) 

and hence 

Gr-P.0 = -T^5l5-+-^,+C"'-^+.9-+,+ -ff'--^-+0(C). (4.64) 

Insertion of (|464ll into (|4?57l) then proves ([433| as P ^ . 

Using Theorem IB . 1 1 again, one obtains in the same manner as P Po,±, 

Gs,- - K-^ =^ ±\C' - 9s,- + V .,- + 0(C). (4.65) 

^ Jo,- 

Since 

P. = ^2r._-s,-Ps,-+/r+-i.+ + 0(C), P^Po,±, C = ^, (4.66) 

s=0 
r_ 

= ^£r_-s,-G,,-+.g.^,+ + 0(C), P^Po,±, C = 2, (4.67) 
gm-glll) yield 

(4.68) 

where we again used (|4.52p . (|2.19[) . and (|4.2p . As P ^ ^o,-: one thus obtains 
G,-P.(/) ^^--^a._-,,-C"'+.9r+,+ -ffr_,-, P^Po,-, C = 2- (4.69) 

Insertion of into (|i?57)) then proves as P ^ Po,_. 

As P ^ Po.+ i one obtains 

1 1 

- Fr(i> = o y~l^''--« + .9r+,+ - .9r_ (/r+-l,+ " /r_,-) + 0(C), 

~ ~ C^o 2 ^ — ' a 

s=0 
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i V5,__,,_C-^-^ + 0(C), P^Po,+,C = z, (4.70) 
2 — ' a 



using fr_- = fr_-i-+a{gr_--~gr_-) (cf. (EUl)) and (g^]). Insertion of (|i7Dl) 
into (|i371) then proves as P ^ Po,+- □ 



Next, we note that Lemmas 13.21 and 13.41 on trace formulas and nonspecial divi- 
sors in the stationary context immediately extend to the present time-dependent 
situation since f ^ G Hi just plays the role of a parameter. We thus omit the details. 

Finally, we turn to the principal result of this section, the representation of (j), 
^ T a, and /3 in terms of the Riemann theta function associated with /Cp, assuming 
p G N for the remainder of this section. 

In addition to (|3.42p - (|3.48p . let uop ^ and Wp^^ ^ be the normalized differ- 
entials of the second kind with a unique pole at Poo± and Po,±, respectively, and 
principal parts 

^pL^,, (^"'"' + P ^ Poo±, C - 1/^, q e No, (4.71) 

pL, (r'"' + 0(l))dC, P -> Po,±, C = ^, 9 e No, (4.72) 



with vanishing a-periods 



^p' .a= / ^Pn^.a = 0, J = l,...,p. (4.73) 



Moreover, we define 



s=l 

where are the summation constants in F^. The corresponding vector of h- 
periods of fi^ /(Stti) is then denoted by 

= (C/(^i\...,f/(^)), U^'j^±fhl'\ j = l,...,p. (4.75) 



Finally, we abbreviate 

= hm ( / ± ^ ^ 5.+ -.,+C-^ ) , (4.76) 



p . >•+ 

t 

P^P^^ V ./n„ - 2 



hm / f^(^)±i^5._,_rM. (4.77) 

Theorem 4.6. Assume Hvvothesis \4:.1\ and suppose that (|4.7p . (|4.8p /lo/rf. ad- 
dition, Zet P ^ ICp\ {Poo+, Poo-, Po,+j Pq,-} o.'iT'd in,nQ,tr,tQ^r) G x M^. T/ien 
/or eac/i {n,tr) G Z x R, T^ji{n,tr-) '^'^'^ T^v(n,t^) nonspecial. Moreover, 

<^(P,n,t^) = C(n,t,)^^^^^^^^^exp (^y^^ -Po,_.p_ j> (4-78) 
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e{z{P,il{n,tr))) 

1pl{P,n,no,tr,to,r) = C{n,no,tr,to^r) f„ r: 7TT (4.79) 

- - - - 0[z{P,^{no,to^r))) 

r-P 



X exp ( (n - m) / uj''pI_ p - [U- io.r) / f^?^ ) , 
V JQo ' ' JQo J 



C{n,tr) exp((n-no)(c^o''(^o.-,Poo_)-c^o°°^(/^o.-,Poc_))) (4.81) 



- - - - - 0(z[P,fi{no,h,rjjj 

xexpf/ J^^ p +(n-no)/ p ~ [U^ h.r) I 

\jQo ' "'Qo ■ ' + JQo J 

where 

a (no, U) 

X exp (-Wo' P )^ =^ 

61(2(^0,+ , ^^(?^o,y)) 

, , . 6l(z(Poo^,A(no,toJ)) 

X exp {{U - to,r)n^+ - (n - no)u;^+ (Po,_ , Poo+ )) • 

T/ie j46eZ map linearizes the auxiliary divisors X'^(„.t,,) and X'j>(„ m </ie sense 
that 

~(2) 

SQo(%«,t.)) = aQo(%"o,to,.)) + - '^o)iipo,_ (^'oo+) + {U - to,r)IZr , (4-83) 

~(2) 

"Qo = "Qo (%no.to.j) + (" - '^0)Ap„,_ (Poo+ ) + (tr - h^r)Ur_ ■ (4-84) 

Finally, a, (3 are of the form 
a{n,tr) = a(no,io,r)exp ((n - no)(wo'+(Po,-, -P00+) - ^^"^(Po,-, -P00+))) (4.85) 

//^ ^ ^/ooo+ p^o+^\^(^(^0'+'A(",y))^'U(^oo+,A("0,to,r))) 
- - 6'(z(P0,+ ,M"0,t0,r)))fc'(2(Poo+,M",ir:))) 

/3(n,t,) = , \ , exp ((n - no)(cc;[;'+(Po.-, Poo+) - c^q"^ (Po,-, Poo J)) 

X exp(cc;;5"+(Po^_,Poo_) -wS'+(Po.-,PooJ) (4.86) 

^ U . ^/ooo^ p;o+,N^'U(^0,+ ,A('^0,<0,r:)))6'(z(Poo+,^:(n,tr))) 

- - 6'(^(Po,+,£(»^o,io,£)))fc'(^(Poo+,M(n-,ir:))) 

and 

a{n,tr)Pin,tr) = exp (tj(^+ (Po,-, Poo_ ) - ^^"'^(Po,-, Poc_ )) 

2 + 



e(^(A,+ , A(", ^r)))^^(^(Poc+ , E(n, U))) (4.87) 
X — ~ 



diziPo,+ , £(n, ir)))6i(z(Poo+ , A(n, ir))) 

Proof. As in Theorem 13.71 one concludes that (t){P,n,tr) is of the form (|4.78|) and 
that for io.r = tr, '0i(P, n, no, tr, tr) is of the form 

I m , , ^ ri , , ^ 0{z{P,t,{n,tr))) ( /-^ (3) \ 

^i(P,n,no,^^,t^) ^ (^^^^^^^'r_.U) e{z{P,l{n„tr))) 1^"'"°^ J q."" ' 

(4.88) 
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To discuss ipi{P,n,no,tr,to^r) recall (I4.28p . that is, 

ipi{P,n,no,tr,to,r) ^ ^pi{P,ri,no,tr,tr)^i{P,nQ,no,tr,to^r), (4.89) 
and hence remaining to be studied is 



tpi{P, no, no, U,to,r) = exp ds{Gr{z, no, s) - Fr_{z, no, s)(f>{P, no, s))^ 

Introducing ipi{P) on ICp \ {Poo+ , Poo^ } by 

WP , , ^ r( , , ^ e{z{P,gno,U))) 

Vl[P,no,tr,to^r) = C{no,no,tr,to^r) 



(4.90) 



0(z(P,A(no,ioJ)) 
X exp - {U - to,r) J f^i'^j , (4.91) 



(4.92) 



we intend to prove that 

i>l{P,no,no,tr, to^r) = '4^liP,'n-o,tr,to,r), 
PeICp\ {Poo+ , Poo_ }, no e Z, tr, to,r_ G M, 

for an appropriate choice of the normalization constant C{no, no, tr, io,r) in (|4.9ip . 
We start by noting that a comparison of and (liTTTjl . (HTT^ . ^1^, 

(|4.79p shows that -01 and V^i have the same essential singularities at Poo± and Po,±. 
Thus, we turn to the local behavior of ■01 and -01. By (|4.9ip . i})! has zeros and 
poles at fi{no,tr) and jj,{no,to.r), respectively. Similarly, by ()4.90|) . V'l can have 
zeros and poles only at poles of 0(P, no,s), s G [to,r,tr} (resp., s G [tr,to.r])- In 
the following we temporarily restrict <o,r and tr to a sufficiently small nonempty 
interval / C R and pick no G Z such that for all s G I, fij{no, s) ^ iik(no, s) for all 
J 7^ fcj Ji = 1; • • ■ jP- One computes 

iGr{z, no, s) ~ iFr{z, no, s)0(P, no, s) 

(co^+/2)z"P-?; + Gp(z, no, s) 



iGr{z,no,s) - iFr{z,no,s)- 

Fp(z,no,s) 

iFr{p.j{no, s),no, s)y{fij{no, s)) ^ ^^^^ 



p^Aj(«o,s) Q;+(no, s){z - fij{no, s)) nfc=i(Mi("o, s) - /ifc(no, s)) 

|-ln(Ai,(no,s)-z)+0(l). (4.93) 

Restricting P to a sufficiently small neighborhood Uj{no) of {//^(no, s) G ICp \ s G 
[io,r,ir] ^ 1} such that flk{no,s) ^ Ujino) for all s G [to,r,^r] ^ and all k G 
{li: . ."p} \ {j}, and 613) imply 

ipi{P,no,no,tr, to.r) 

{fij{no,tr) - z)O(l) as P ^ ilj{no,tr) ^ Ai("o,io,r), 
0(1) as P ^ fij{no,tr) = fj,j{no,to^r), (4-94) 

{fij{no,to,r) - z)^^0{l) as P ^ jlj{no,to,r) ^ fij{no,tr), 

P = (z,?/) G /Cp, 
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with 0(1) ^ 0. Thus, tpi and V'l have the same local behavior and identical essential 
singularities at Poo± and Po,±- By Lemma [X4l ipi and ipi coincide up to a multiple 
constant (which may depend on nojir,^o,r)- This proves (|4.92|) for to^r,tr € I and 
for no as restricted above. By continuity with respect to divisors this extends to 
all no G Z since by hypothesis X'^(„.s) remain nonspecial for all {n, s) G Z x M. 
Moreover, since by (|4.90p . for fixed P and no, ijji[P,nQ,no, .^t^^r) is entire in tr_ 
(and this argument is symmetric in tr_ and to.r), (|4.92p holds for all tr, io,r € R (for 
an appropriate choice of C(no, no, tr, to,r))- Together with (|4.89p . this proves (|4.79|) 
for all {n,tr), {no,to^r) G Z x M. The expression (|4.80p for then immediately 
follows from and ^J^. 

To determine the constant C(n, no,tr, to.r) one compares the asymptotic expan- 
sions of tpi{P, n, no,tr, ta,r) for P Prya+ in (|4.53p and (I4.79P 



C(n,no,ir, io,r) = exp {{U- to.r)^^^^ - (n - no)ti^(^+ (Po,- , -P00+)) 
6'(^(^'oo+,A(no,io,r))) 
0(z(Poo+,A(",y)) 



(4.95) 



Remaining to be computed are the expressions for a and /3. Comparing the asymp- 
totic expansions of '0i(P, n, no, tr, to,r) for P Po,+ in (I4.54p and (|4.79p shows 

' = C(n,no,tr,to,r:)cxp ((n - 7io)(t^S'^(-Po,-,-Poo+) - (tr - to,r)f^r''^) 



a(no,to, 

0(z(Fo,+ ,A('^,y)) 



X 



6'(z(-Po,+ , A("-o,to,£))) 



(4.96) 



and inserting C(n, no, t^, io,r) proves l|4.85p . Equation (|4.8ip for C{n,tr) follows as 
in the stationary case since tr can be viewed as an additional but fixed parameter. 
By the first line of dSH]), 

C(n,y 6'(z(Po,+, i^(n,y)) 

Inserting the result (|4.85p for a{n,tr) into (j4.97p then yields (using Lemma [3?6|) 

^ ^ 1 ^'fe(Po,+ ,AK,io,r))) ^ ,,~o+ ooo+^^ 

a[no,to^r) 0{z[Poo+, [£[no,to^r))) - - 

X exp((n-no)(a;;j"M-Po.-,Poo+) -t^o'+(Po.-,PooJ) -t^S'+(Po,-,Poo_)). 

(4.98) 

Also, since the first line of (j3.70p holds. 

Pin, U) ^ C{n, U) exp (c^ + (Fo,^ , Poo J) ' ^j"' '^jjl , (4.99) 

an insertion of (|4.98p into (|4.99p . observing Lemma [3.61 yields equation (|4.86p for 
P{n,tr). Finally, multiplying (|497l) and ([499]) proves (|4.87p . 
Single- valuedness of 'i/'i( • , '^•0, ^0, ^r, to,r) on /Cp implies 

~(2) 

^Qo(%"o,t.)) = aQo(%no,to,.)) + - t0,r)Ur_ ■ (4.100) 

Inserting (|4.100p into ([3?6T|) . 

^Qo(^A(n,tz:)) = OQoC^Kno.tr)) + Apo,_iPoc>+)in ~ no), (4.101) 
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one obtains the result (|4.83|) . □ 

Again we note that the apparent TiQ-dependence of C(n,tr) in the right-hand 
side of (|4.8ip actuaUy drops out to ensure the no-independence of <j) in (|4.78p . 

The theta function representations (I4.85P and (|4.86p for a and (3, and the one 
for r( • , ■ ,tr) analogous to that in (I4.87P also show that 7(n, t^) ^ {O;!} for 
{n, tr) E Z X M. Hence, condition (|4.ip is satisfied for the time-dependent algebro- 
geometric AL solutions discussed in this section, provided the associated divisors 
tr) and Voijn, tr) stay away from Poo-t , Po,± for all (n, tr) e Z x R. 

The time-dependent algebro-geometric initial value problem for the Ablowitz- 
Ladik hierarchy with complex- valued initial data, that is, the construction of a and 
(3 by starting from a set of initial data (nonspecial divisors) of full measure, will be 
presented in [5T]. 

Appendix A. Hyperelliptic Curves and Their Theta Functions 

We provide a very brief summary of some of the fundamental properties and 
notations needed from the theory of hyperelliptic curves. More details can be 
found in some of the standard textbooks [29] , [30] , and [48] , as well as monographs 
dedicated to integrable systems such as [El Ch. 2], [38l App. A, B]. 

Fix p G N. The hyperelliptic curve /Cp of genus p used in Sections O and [3] is 
defined by 

2p+l 

ICp : Tp{z, y) = y^- R2p+2{z) = 0, R2p+2{z) = \{{z - (A.l) 

m=0 

{£'m}m=o,....2p+i C C, E,n ^ E^' for m ^ m', m, m' = 0, . . . , 2p + 1. (A. 2) 

The curve (jA.ip is compactified by adding the points Poo+ and Poo_ , ^00+ 7^ -Poo_ , 
at infinity. One then introduces an appropriate set of p + I nonintersecting cuts Cj 
joining Ejn(j) and Ejn'{j) and denotes 

c= U Cj, C,nCk = (d, j^k. (A.3) 
je{i,...,p+i} 

Defining the cut plane 

n==C\C, (A.4) 
and introducing the holomorphic function 

/2p+i \ 

i?2p-h2( • : n ^ C, illiz- E,n) (A.5) 

\m=0 / 

on n with an appropriate choice of the square root branch in (|A.5p . one considers 

Mp = {iz,aR2p+2{z)^^^)\zeC, aG{±l}}U{Poo+,Poc_} (A.6) 

by extending i?2p+2( • to C. The hyperelliptic curve ICp is then the set A4p with 
its natural complex structure obtained upon gluing the two sheets of Mp crosswise 
along the cuts. The set of branch points B{ICp) of ICp is given by 

BilCp) = {{E„„ 0)},„=o,...,2p+i (A.7) 

and finite points P on ICp are denoted by P = (z,y), where y{P) denotes the 
meromorphic function on ICp satisfying J-'p{z, y) = — R2p+2{z) — 0. Local coor- 
dinates near Pq = (zo, yo) & ICp\ {B{ICp) U {P00+ , Poo_ }) are given by Cp^ = z - zq. 
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near Poo± by Cpooj. = ^1^^ ^ind near branch points (-EmojO) ^ l3{ICp) by C(b„(j,o) = 
{z — EmoY^^- The Riemann surface /Cp defined in this manner has topological genus 
p. Moreover, we introduce the holomorphic sheet exchange map (involution) 

* : /Cp ^ /Cp, P= {z, y)^P* = {z, -y), P<x>± ^ P*oo^ = Poo^ ■ (A.8) 

One verifies that dz/y is a holomorphic differential on /Cp with zeros of order 
p — 1 at Poc± and hence 

Vj = ^ y'^^ , i = l,---,P, (A.9) 

form a basis for the space of holomorphic differentials on /Cp. Introducing the 
invertible matrix (7 in C^, 



Ja, (A.IO) 

c(fc) = ici{k), . . .,Cp{k)), Cj{k) = Cjl, j,k = l,... ,p, 

the corresponding basis of normalized holomorphic differentials ojj, j = 1, ... ,f) on 
/Cp is given by 

P r 

'^Cj{£)r]e, / ojj=6j^k, j,k=l,...,p. (A.ll) 

Here {ftj , 6j }j=i,...,p is a homology basis for /Cp with intersection matrix of the cycles 
satisfying 

aj o bk ^ Sj^k, a^i ° ak = 0, bj obk = 0, j,k = l,...,p. (A. 12) 

Associated with the homology basis {a^, i'j}:/=i,...,p we also recall the canonical 
dissection of /Cp along its cycles yielding the simply connected interior jCp of the 
fundamental polygon dtCp given by 

dJCp = ai6iaj~^6j~^a262(i2 ^ ' ' ' c-p^^p^- (A. 13) 

Let Ai{lCp) and A4^{ICp) denote the set of meromorphic functions (0-forms) and 
meromorphic differentials (1-forms) on /Cp. Holomorphic differentials are also called 
Abelian differentials of the first kind. Abelian differentials of the second kind, 
(^(2) £ A4^{ICp), arc characterized by the property that all their residues vanish. 
They will usually be normalized by demanding that all their a-periods vanish, that 
is, uj^^^ — 0, j = 1, . . . ,p. Any meromorphic differential lo^^^ on /Cp not of the 
first or second kind is said to be of the third kind. A differential of the third kind 
w^^^ € M.^{)Cp) is usually normalized by the vanishing of its a-periods, that is, 
w^^-* = 0, J = 1, . . . ,p. A normal differential of the third kind LUp^p^ associated 

with two points Pi, P2 & ICp, Pi P2, by definition, has simple poles at Pj with 
residues (—1)-'+^, j = 1,2 and vanishing a-periods. 
Next, define the matrix r = (rj;^)j;^=i^..._p by 

T7,^= / i,^ = l,---,P- (A.14) 

Then 

Im(r) > and r,-,^ = Tej, j,i=l,...,p. (A.15) 
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where {u,v) = uvj = YTj^i'^j'^j denotes the scalar product in C**. It has the 



Associated with r one introduces the period lattice 

Lj, = {z€CP\z = m + nT, m^n&ZP] (A.16) 

and the Riemann theta function associated with K,p and the given homology basis 
{ttj, &j}j=i,...,p, 

^{i} = 51 z) + m{n, nr)) , zeC^, (A.17) 

neZP 

fundamental properties 

0{zi, . . . , Zj-i, -Zj, Zj+i, . . . , Zp) ^6{z), (A.18) 

^(^ + m + nr) = exp ( — 27ri(n, z) — 7ri(n, nT))0(z), m,nGU^. (A. 19) 

Next, fix a base point Qo & lCp\ {Po,±, Poc±}, denote by J(/Cp) = CP/Lp the 
Jacobi variety of Kp, and define the Abel map Aq^ by 

Aq,-^p^ J{1^p), Aq,{P) = ( [ u>i,..., [ Up) (modLp), P e ICp. 

\Jqo Jqo / 

(A.20) 

Similarly, we introduce 

ag^ : Div(X;p) ^ J{JCp), V ^ a^^ {V) = J2 nP)AQ, {P), (A.21) 

where Div(/Cp) denotes the set of divisors on ICp. Hero V: K.p ^ Z is called a 
divisor on ICp if 'D{P) ^ for only finitely many P G ICp. (In the main body of this 
paper we will choose Qo to be one of the branch points, i.e., Qq G B{K,p), and for 
simplicity we will always choose the same path of integration from Qq to P in all 
Abelian integrals.) 

In connection with divisors on Kp we shall employ the following (additive) no- 
tation, 

^QoQ = T^Qo +T^Q, Vq = Vq,+--- + Vq^ , (A.22) 
Q = {Qi,...,Q„} G Sym™/Cp, Qo e /Cp, m G N, 
where for any Q & ICp, 

and Sym" /Cp denotes the nth symmetric product of ICp. In particular, Sym"'/Cp 
can be identified with the set of nonnegative divisors < X> G Div(/Cp) of degree 
m. 

For / G M{lCp) \ {0}, w G M^{JCp) \ {0} the divisors of / and uj are denoted 
by (/) and (w), respectively. Two divisors V, £ G. Div(/Cp) are called equivalent, 

denoted by r» - f , if and only if V - £ = (/) for some / G A4(/Cp) \ {0}. The 
divisor class [V] of V is then given by [D] = {£ E Div(A^p) | £ ~ T>}. We recall that 

dcg((/)) = 0, dcg((c.)) = 2{p - 1), / G MilCp) \ {0}, u; G M\lCp) \ {0}, (A.24) 

where the degree deg(X') of V is given by deg(I?) = J2peiCp ^i^)- customary 
to call (/) (respectively, (w)) a principal (respectively, canonical) divisor. 
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Introducing the complex linear spaces 

C{V)^{feM{ICp)\f^OoY{f)>V}, r{V)^dimC{V), (A.25) 

C\V) = {uje M\lCp) I w = or (w) > V}, i{V) ^ AunC^{V), (A.26) 

with i{T>) the index of speciality of P, one infers that deg(2?), r(2?), and i{T>) only 
depend on the divisor class \V] of V. Moreover, we recall the following fundamental 
facts. 

Theorem A.l. Let V e Div(/Cp), uj G M^{lCp) \ {0}. Then, 

i{V) = r{V-iio)), peNo. (A.27) 
The Riemann-Roch theorem reads 

r{~V) ^ degiV) + i{V) - p + 1, peNo. (A.28) 
By Abel's theorem, T> e Div(/Cp), p eN is principal if and only if 

deg{V) = and a^^ {V) = 0. (A.29) 

Finally, assume p G N. Then ; Div(/Cp) J{lCp) is surjective (Jacobi's 
inversion theorem). 

Theorem A.2. Let Vq e Sym^* /Cp, Q = {Qi, . . . , Qp}. Then, 

1 < i{T^Q) = s (A.30) 

if and only if {Qi, . . . , Qp} contains s pairings of the type {P, P*}. ( This includes, 
of course, branch points for which P = P* .) One has s < p/2. 

Denote by S^^ = (S 

Qo.i I ■ ■ • 5 ^Qa,p) vector of Riemann constants, 
5go„ = ^(1 + r,.,) - / u^iiP) / u,, j = 1, . . . ,p. (A.31) 

Theorem A. 3. Let Q — {Qi, . . . , Qp} £ Sym^ /Cp and assume T>q to be nonspecial, 
that is, i{T>Q) — 0. Then 

- AQ.iP) + aQoil^o)) = and only ifPe{Qi,..., Qp}. (A.32) 

Lemma A. 4. Lemmas 5.4 and 6.1] Let {n,tr), {no,to,r) £ ^ for some fl C 
Z X M. Assume ip( - ,n,tr) to be meromorphic on ]Cp\{Poo^,Poc_,Po,+:Po,-} with 
possible essential singularities at Poo± ; ^o,± such that Tp( - ,n, tr) defined by 

^{P, 71, tr) = ^(P, n, ir) exp (^(i, - io,r) ^ f^f') (A.33) 

is meromorphic on Kp and its divisor satisfies 

{i>{-,n,tr_)) > -P^(„„,t„_j + (n-no)(2?P„._ -Pp^J (A.34) 

/or some positive divisor ^) o/ degree p. Here flr_ is defined in (j4.74p and 

the path of integration is chosen identical to that in the Abel map^ (jA.20p and 
(|A.2ip . Define a divisor T>Q{n,tr) by 

=Po(n,t.)-%„„,t„_j + (n~no)(2?Po,_ -Vp^J- (A.35) 



This is to avoid multi-valued expressions and hence the use of the multiplicative Riemann- 
Roch theorem in the proof of Lemma lA. 41 
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Then 

Vo{n,tr) e SymP ICp, Vo{n,tr) > 0, deg(X»o(^, M) (A.36) 

Moreover, if'DQ{n,tr) is nonspecial for all {n,tr) G that is, if 

t{Vo{n, tr)) = 0, {n, tr) e (A.37) 

then ip{-,n,tr) is unique up to a constant multiple {which may depend on the pa- 
rameters {n,tr), (riQjio.r) G 

Appendix B. Asymptotic Spectral Parameter Expansions 

In this appendix we consider asymptotic spectral parameter expansions of Fp/y, 
Gp/y, and Hp/y, the resulting recursion relations for the homogeneous coefficients 

fi, gi, and he, their connection with the nonhomogeneous coefficients fi, gg, and 
hi, and the connection between ce^± and ce{Ef^^) (cf. (|B.3|) ). For detailed proofs of 
the material in this section we refer to [SHj , [lOj ■ We will employ the notation 

E^' = {Et\...,E^^\,). (B.l) 

We start with the following elementary results (consequences of the binomial 
expansion) assuming ?/ G C such that |?7| < min{|i?o|^"'^, • ■ • , |£'2p+i 1^"'^}: 

/2p+l \ oo 

il[{l-E„.r^)\ ^Y.^k{E)v\ (B.2) 

where 

Co(:B) = l, 

Ck{E)= . f-^— — -, keE. (B.3) 

JQ T ■ ■ ,J2p + l—V 
joH hi2p+l = fc 

The first few coefficients explicitly are given by 

^ 2p+l ^ 2p+l ^ 2p+l 

CO® = 1, ci(^) - -- ^ i?™, C2(^) = - E,n,E„,,~-Y,El, etc. 

m— nil ,''T">-2 —0 m— 

mi<m2 

(B.4) 

Next we turn to asymptotic expansions. We recall the convention y{P) = 
TC"-' + OiCn near P^^ (where ( = l/z) and y(P) = ±(co,_/co.+) + 0(C) 
near Po,± (where — z). 

Theorem B.l ([10]). Assume p.ip . s-ALp(a,/3) = 0, and suppose P = (z,y) 6 
\ {-Poo+ 1 ^oo_ }• Then z^'Fp/y, z^'^Gp/y, and z^^ Hp/y have the following con- 
vergent expansions as P ^ Poo±, respectively, P Po,±, 

zP^ Fpjz) _j^J2T=ok+<:'^\ P-Poo±, C^l/z, 
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co,+ y \±ET=ohL-e+\ P-Po.±, C = ^, ^'^ 

where C, — \/ z {resp., C, — z) is the local coordinate near Poc± {resp., -Po,±) '^^'^ 
fe,±, ge,±, and h£_± are the homogeneous versions of the coefficients fi^±, ge,±, o,nd 
hi^± introduced in ((27T6)) - (|2TT8| . 

Moreover, the Em-dependent summation constants ci^±, £ — 0,...,p±, in Fp, 
Gp, and Hp are given by 

CL±^co,±ce{E^^), £^0,...,p±. (B.8) 
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